

















































































Algebraic K theory even filtration

Conj Burkland Krause

Let k be a field Then

fcotKleftkrightc1simeqfilevKleftkrightc1
that is the motivic and even filtrations
on C adic algebraic K theory of k

coincide.Today
7 algebraic K theory offields
2 the motivic filtration Voevolshy
3 the even filtration Hahn Rahsit Wilson




















































































Thur P

The Burkland Krause conjecture is true

for global and local
fields.completions

of global
fieldsnumberfields

function fields of
curves over finite

fields4

Chat's special about local andglobal fields
work of Positselshi




















































































Algebraic K theory

xlk smooth variety over

a field K

group
complete

under oplus

OmegainftyKleftXright1 Vect leftxrightsimeq
K thinggroupoid

Gundles andCSO.ofvectorspectrumso
groupoid with commutative

multiplicationinverses.connectivespectra
simeq

Omegainfty




















































































Algebraic K theory of fields

pi0KleftKrightsimeqmathbbZ every vector space
is ree

pi1Kleftkrightktimes determinant is the universal additive

invariant

pi2KleftkrightKmathbbZtimesotimesKtimesaotimeslefta1right for all aneq01

theorem of Matsumoto

pinKleftkright far nmathbbZ

complicated related to special values of
functions Beilinson




















































































varepsilonx Quillen finite fields

Z i0

K2ileftFqright G otherwise

K2i1leftFqrightmathbbZleftqc1rightmathbbZ
Ex Bovel the rationals

mathbbQ n0

oplusmathbbQn1
Ppune

mathbbQn1 mod4 ngeqS

0 otherwise

mathbbQnotimesKnleftmathbbQright




















































































rational K thing
mathbbQotimesKleftxright
satisfies Galois

descent

somewhat far from topology

C adic K theory

Kleftxrightc1 cneqchark

close to étale cohanology

topological

X1k variety

KleftXright
adic K theory

KleftXrightpwedgep chauk

can be described in

terms of differentialforms
trace methods




















































































Ex K1leftmathbbCrightsimeqmathbbCtimessimeqmathbbQ12oplusV
uncountable
rationalvectorrootsof

unityrationalizespaceextremely

large
C adic completion

mathbbZc in degree 1

V

Thu Sustin

KleftKseprightc1simeqKvc1 C adic K theory af
separably closed fields
doesn't depend on thefieldchromaticredshift

Thu Thomason

XleftrightarrowKleftXrightc1leftbeta1rightLKleft1rightKleftXright
satisfies étale descent




















































































Motivic cohanology

M smoothmfd Atiyah Hirzebruck sseq

HpleftXmathbbZleftqrightrightRightarrowKu2qpleftXright
Here

mathbbZleftqrightsimeqpi29KUsimeqmathbbZ
singular

cohanologycomes
from the

filtration leftJ72KUrightM on KuM

Xk smooth variety the motivic spectual sequence

t
m
lp
o leftXmathbbZleftqrightrightRightarrowK2qpleftXright

Voevolshy
Block Lichtenbaum
FriedlanderSustin

Levinemotiviccohomology
Guiltoutof algebraic cycles comes from the

motivic filtration

f1not KleftXright




















































































The norm residue

isomorphismThuVoevodshy Rost

HoverlineetpleftXmathbbZcleftvarphirightrightpleqq
t
m
1p
ot leftXmathbbZcleftqrightrightsimeq 0 otherwise

varepsilonxx SpecleftKright

HoverlineetpleftKmathbbZcrightsimeqHpleftGmathbbZcright
Intuitively this is saying
that c adically K theory
depends only on the Galois

group Bachmann Burklund Xu
group
cohanologyGgalleftKsepKright

absolute Galois

groupCov
oplusHpleftGmathbbZcleftprightrightsimeqopluspH m

p
ot leftGmathbbZCleftprightrightsimeqoplus_pKpMleftKrightC

is a quadratic algebra




















































































The even filtration

AinCAlgleftSpright xinpinAyinpinA xyleft1rightmcdotnytimes
the sign can be ignored
when mn areevenDefHahn RabatWilson

fHev Alimz72B
ArightarrowB

overlinexB

evenCanbe calculatedusing a combination of

if T A even then fevAJ72kA
file

propto

leftright satisfies a form of faithfully flat descent




















































































Examples due to Hahn Rakat Wilson

Ez termAinCAlgleftSrhoright flevleftAright
Adams
Novikafiltrationthespherecoh of the moduli

stackof formal groups
Hochschild Kostant

RosenteryTHHC
R1k diff

formsprismatic

cohanologyTPleftRrightp1 Bhatt Morrow

ScholzeHRWshow that fcdotlevJPleftright gives a reasonable
notion of prismaticcohanology of ving spectra




















































































What about algebraic K theory

Then Raksit

ff not KleftFqrightC1simeqfcevKleftFqrightL1
Thm Burklund Krause

If A is connective then

1 gvq ev A is 9connective2opluspiqqrevqleftAright is a quadratic
algebra.Cov

The even andmotivic filtrations on KleftKright satisfy
the same connectivity bound and agree in the lowest degree




















































































Conj Burklund Krause

Let K be a field Then

fcev xKleftKrightc1simeqfmotimes 1 KleftKrightc1

Thu CP
The BK conjecture is true for

global fields
local fields

fields of ed leq1 e.g mathbbClefttright

Cov For above fields there exists a mod C abelian category

ofmixedmotives






































A word on the

proofConjPositselshi's Koszulity conjecture
Let K be a field containing the C th root of unity

KMleftKrightC is a Koszulalgebra.Then
generated in deg 1
relations in deg 2
relations between relations in deg3sHleftGmathbbZcright

spddot

The key observation isthat when k satisfies the
Koszulity conjecture then KleftKrightc1rightarrowKleftKseprightc1 is faithfully even

flat.ThmPositselski

The Kosaulity conjecture is true for local and global fields


