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ARAEP Quantum Spin Systems and Gapped Phases

Quantum Quantum spin system. A quantum spin system consists of local degrees of
S t i .
Y Retheory freedom placed on a lattice X, for example X = Z9.
Bowen Yang, ® Observables form a C*-algebra A(X).
Jjoint work with
Mattie Ji ® A state
Gapped Phases w .A(X) — (C
and QCA

assigns expectation values to observables.



&Rk Quantum Spin Systems and Gapped Phases

Quantum Quantum spin system. A quantum spin system consists of local degrees of
S t i .
Y Retheory freedom placed on a lattice X, for example X = Z9.
Bowen Yang, ® Observables form a C*-algebra A(X).
Jjoint work with
Mattie Ji ® A state
Gapped Phases w .A(X) — (C
and QCA

assigns expectation values to observables.

Gapped state. A state is gapped if it has stable low-energy behavior, represented
physically by an energy gap above the ground-state sector.
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Quantum Spin Systems and Gapped Phases

Quantum spin system. A quantum spin system consists of local degrees of
freedom placed on a lattice X, for example X = Z¢.

¢ Observables form a C*-algebra A(X).
® A state
w:AX) = C

assigns expectation values to observables.

Gapped state. A state is gapped if it has stable low-energy behavior, represented
physically by an energy gap above the ground-state sector.

Phase. A phase is an equivalence class of gapped states under continuous paths
that preserve the gap. Phases form a monoid with I(Zd) its group of units.
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Quantum Spin Systems and Gapped Phases

Quantum spin system. A quantum spin system consists of local degrees of
freedom placed on a lattice X, for example X = Z¢.

¢ Observables form a C*-algebra A(X).
® A state
w:AX)—=C

assigns expectation values to observables.

Gapped state. A state is gapped if it has stable low-energy behavior, represented
physically by an energy gap above the ground-state sector.

Phase. A phase is an equivalence class of gapped states under continuous paths
that preserve the gap. Phases form a monoid with I(Zd) its group of units.

Central Expectation

Gapped phases of quantum matter should be described by
topological quantum field theories.
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 Quantam. Central Expectation
ymmetry via

K-theory
Bowen Yang Gapped phases of quantum matter should be described by
Joint work with topological quantum field theories.

This is not a conjecture. There are known excpetions under the umbrella term
"facton phases”.

Gapped Phases
and QCA

Beaudry: From Stabilizer Codes to Fracton Phases of Matter B =

[& Jun 15,2026, 9:00 AM
@® 1h30m
@ Institut Henri Poincaré

Description

Fracton orders are quantum systems characterized by the presence of excitations with restricted mobility. Many examples
are described by stabilizer codes, that is, lattice from Pauli matrices. In
this lecture series, we will explore the algebraic framework for fracton phases and mutual statistics that emerges from the
study of stabilizer codes

The course will be mostly based on work of Haah and Ruba-Yang, as well as joint work with Hermele, Shirley, Wickenden and
Yang

Figure: Available on YouTube
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Invertible Phases

Nevertheless, the invertible phases are expected to correspond to invertible
TQFTs.

Theorem/Conjecture (Kitaev, Freed—Hopkins, Kapustin, Kubota...)

Invertible phases assemble into an Q-spectrum
IP = {IP(Z%)}4z0,  mo(IP(Z7)) = Z(27).

This spectrum is expected to agree with the Freed—Hopkins spectrum classifying
invertible TQFTs.
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and QCA

IP = {IP(Z%)}450,  mo(IP(Z9)) 2 I(Z°).

This spectrum is expected to agree with the Freed—Hopkins spectrum classifying
invertible TQFTs.

Theorem 1.1. There is a 1:1 correspondence
deformation classes of reflection positive
(1.2)

invertible n-dimensional extended topological p = [MTH, E"HIZ(I_}]h_l..
field theories with symmetry group H,

Figure: Freed-Hopkins 2016



G raas® Quantum Cellular Automata (QCA)

Quantum
Symmetry via

K-theory Definition: A QCA in dimension d is a strictly locality-preserving automorphism

o work v a: A(Z9) — A(ZY).

Mattie Ji

Gapped Phases
and QCA Structure’:

e QCA form a group Q*(Zd) under composition
* Contains a normal subgroup C*(Z%) of quantum circuits

Q*(z9)/C*(Z9) s abelian (Freedman-Hastings).
e A QCA representation is a homomorphism

©: G — QF(Z9).

L After adding arbitary ancilla to stabilize



THnsi® QCA action on States

Quantum Given a state
Symmetry via

K-theory w A(Zd) — (C,

B Yang,
jomt workwitn @ QCA o produces a new state
Mattie Ji

Gapped Phases woQ: A(Zd) — A(Zd) — C

and QCA

This means a QCA representation defines a group action on the quantum system
or a quantum G-symmetry.

Key fact:
e Circuits C*(Z9) do not change phase

Hence we obtain a group homomorphism
Q*(z9)/c*(29) — Z(2Y).

QCA probes invertible phases.
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Quantum Theorem (JI_Y)

Symmetry via
K-theory

Using algebraic K-theory, for a nice enough metric space X, we construct an

Bowen Yang,

Joire werkwith - Q-spectrum
Gapped Phases QCA(X) = {QCA(X X Zd)}dZO-
A such that

mo(QCA(X x Z9)) = Q*(X x Z9)/C*(X x Z9).
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Quant 0
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K-theory
Bowen Yang, Using algebraic K-theory, for a nice enough metric space X, we construct an
Jo.nl\t/l :vtc:ir: Jvivlth Q-spectrum d
QCA(X) = {QCA(X x Z) } ¢>0-
Gapped Phases
and QCA

such that
mo(QCA(X x Z9)) = Q*(X x Z9)/C*(X x Z9).

Theorem/Conjecture (Kitaev, Freed—Hopkins, Kapustin, Kubota,...)

Invertible phases assemble into an Q-spectrum
IP = {IP(Z9)}4s0,  mo(IP(Z%)) = Z(Z).

This spectrum is expected to agree with the Freed—Hopkins spectrum classifying
invertible TQFTs.
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Gapped Phases How is QCA related to 1P

and QCA
and the Freed—Hopkins spectrum?
We don't know yet
Nevertheless, the QCA spectrum has other important
applications.
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GHanvare  Algebra of Observables

X =27
Quantum
Syr;r:;;\iyvia Mq(_z) (]F) Mq(_l)(F) Mq(()) (F) Mq(l)(F) Mq(Z)(F)
_Bowen Yang, ——@ ®
2 1 0 1 2
More precisely,
. X, q) = li M\ (F
Syt and AXa) = colim g ) Moo (F).
seS
—_—
=:A(S,q)

where for S C T finite subsets,
A(S,q) = A(T, q)

is given by — ® id o(T_s,q), tensoring with the identity operator on T —S.
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a: A(X,q) = A(X,q)

. of finite spread, meaning that there exists some £ > 0 such that for all
Symmetries and
TIET € My (F), a(y) € A(Di(x), q).

In other words, a QCA is an “automorphism that moves components away in a
distance that is uniformly bounded”.

Definition:

The group of QCAs over A(X, q) is denoted Q(X, q).
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Mattie Ji
=5 -4 —3 —=2 —1 0 1 2 3 4 5
L im0 D B B R
Symmetries and Layer 1 l ‘ | ‘ l | | I | |
“Anomalies” I / I I | I I I I
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A special case: onsite QCA given by a € [, ox PGLg, (F) or [],cx PU(gx).



& HRARe  Linearization of QCA representation
Quantum

S Given a QCA representation ¢ : G — Q(X, q). Does there exist a QCA
’ B € Q(X, q) such that the following diagram can be completed?

Bowen Yang,
Jjoint work with
Mattie Ji

[locx GLq, (F)
A
Symmetries and d
“Anomalies” .
s

//// HTEX PGLQ‘J (IF)

/

’ =T
’ -
-
. -
- e
- -
-
-
G

Q(X,q)

BB~

Figure: Linearization
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Quantum
Symmetry via
K-th . o . . . . .
ey Question (Linearization). Does there exist a lift ¢ to the following diagram?

Bowen Yang,

Jjoint work with GL(V)
Mattie Ji s T l
G~ PGL(V).

Symmetries and This question has a well-known answer in terms of an obstruction class in group
i/ —r
nomaties cohomology.

Theorem 1.1. Let o : G — PGL(V) be a projeclive representation over a field F.
Choose lifts Uy € GL(V') of ¢(g). Then there are scalars (g, h) € F* such that
UgUp, = alg, h)Ugh.
The funclion « is a 2-cocycle, and its cohomology class
[a] € H*(G,FX)

is independent of the chotice of lifts. The projective representalion ¢ is linearizable
if and only if [a] = 0.
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Quantum
S i oMo .
A Stabilization

Bowen Yang, A QCA representation ¢ is (trivially) stably linearizable if o ® 1o : G — Q(X, gr)

Jjoint work with

Mattie Ji admits a linearization where 9o : G — Q(X, r) is the trivial representation.

Theorem(Ji-Y.)

S Let G be a finite or, more generally, rationally acyclic group. A QCA
Theory representation ¢ : G — Q(X, q) defines a cohomology class [a] € QCA(X)}(BG)
which acts as an obstruction to stable linearization.
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Stable linearization and QCA spectrum

Stabilization

A QCA representation ¢ is (trivially) stably linearizable if o ® 1o : G — Q(X, gr)
admits a linearization where 19 : G — Q(X, r) is the trivial representation.

Theorem(Ji-Y.)

Let G be a finite or, more generally, rationally acyclic group. A QCA
representation ¢ : G — Q(X, q) defines a cohomology class [a] € QCA(X)}(BG)
which acts as an obstruction to stable linearization.

Let's contrast it with the classical result.

The classical result

Let ¢ : G — PGL(V) be a projective representation over a field F. The projective
representation ¢ is linearizable only if the induced [a] € H2(G,F*) vanishes.
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When G is finite (or more generally, rationally acyclic) and X = Z", there are
successive obstruction classes in

Bowen Yang,
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H™Y(BG; Q*(z"")/c*(Z"7T)),

for 0 << n, and in
Obstruction Hn+2(BG' U(l))

Theory
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AP Obstruction classes in ordinary cohomology

Quant .
Syml:jztrymvia Theorem(J |—Y. )

K-theory
Bowen Yang, When G is finite (or more generally, rationally acyclic) and X = Z", there are
Joint work with - successive obstruction classes in
Hi+1(BG; Q*(ani)/c*(znfi))’
for 0 <j<n, and in
struction +2 .
$It1)ef)ryt Hn (BG’ U(l))

Proof (sketch): The obstruction class [a] € QCA(Z")}(BG) corresponds to a
based map, up to homotopy,

BG £ BO(Z") & QCA(Z™Y).

Construct the Postnikov tower of the homotopy fiber of g. The above classes are
obstructions to lifting %t up this tower.



