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orientation-preserving homeomorphisms f: >, — 3 ,.

Outline

(1) Basic facts about Mod,.

2) The Torelli group Z, and the Johnson homomorphism.
(2) group Z p

(3) 4-manifolds, Rochlin's theorem, and the Rochlin invariant (needed
to understand torsion in Hy of Torelli).

(4) The Birman—Craggs—Johnson BCJ homomorphism.
(5) New theorem giving generators for kernel of the BCJ homomorphism.
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x = simple closed curve on ¥,

Dehn twist T, = cut, twist, reglue:

B —> i

Theorem (Dehn 38 4+ Humphries 79)
Mod, is finitely generated by (2g + 1) Dehn twists:

cee=D

Theorem (McCool 75, or maybe Baily 60's)
Mod, is fm/te/y presented.
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Torelli group

Mod, O Hi(X,), preserves algebraic intersection pairing

~ Modg — Spy,(Z).

Torelli group Z, is kernel: mapping classes acting trivially on Hi(X,).
1 — T, — Modg — Spy,(Z) — 1

Philosophy
We understand the group theory of Sp,,(Z) very well since it is a group
of matrices, so Z, is the mysterious seemingly nonlinear part of Mod,.
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Generators for Torelli
T, = ker(Modg O Hi(Z,))

Action of Dehn twist T, on Hi(X,) determined by [x] € Hi(X,).
Separating twists: T, w/ [x] =0, i.e. x separating.

N

X

Bounding pair: T, 7, w/ xNy =0 and [x] = [y], i.e. xUy bounds.
(= ¢ =

Theorem (Birman 71 + Powell 78)

I, is gen. by sep twists and bounding pairs.
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Mapping torus
Consider f € Z,. Let MapTor(f) be mapping torus of f:

MapTor(f) = X, x [0,1]/ ~ (~ glues Xz x 0 to X, x 1 via f).

Since f acts trivially on Hi(X,), this is homology ¥, x St:
7 if k=0,3
H*(MapTor(f)) = H*(X, x SY) 2 Z @ HY(Z,) ifk=1,2.
0 otherwise.
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Johnson homomorphism

Consider f € Z,.

Key fact

Despite H*(MapTor(f)) = H*(Z, x S1), cup products can differ.
Let H = HY(X,) = 728.

Fun exercise

Cup product structure on H*(MapTor(f)) determined by triple cup
products of elements of H C H!(MapTor(f)).

Following work of Sullivan, Johnson encoded this in Johnson
homomorphism
71 Iy — (A*H)/H.

Remark

Many alternate definitions of Johnson homomorphism (action on
nilpotent quotients of 71, monodromy of Jacobians, bordism, etc.)
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Abelianization of Torelli, torsion-free part

Theorem (Johnson)

The kernel K4 of Johnson homomorphism 7: I, — (A3H)/H is
generated by separating twists T,.

Theorem (Johnson)

Let T, be separating twist in L,. If g > 3, then Tf is product of
commutators.

Recall that commutator subgroup [G, G] is kernel of abelianization map
G — G = Hy(G).

Corollary

For g > 3, the abelianization H1(Zz) is (A\3H)/H plus 2-torsion, where
2-torsion spanned by images of separating twists.
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Aside: finiteness properties

Mysterious phenomenon: finiteness properties get better as g increases.

Theorem (Johnson 83)
For g > 3, the Torelli group I is fin gen.

Recall that g is kernel of Johnson homomorphism, and is also the
subgroup generated by separating twists.

Theorem (Ershov-He 17, Church—Ershov—Putman 17)
For g > 4, the Johnson kernel Kz is fin gen.
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Next goal: Understand 2-torsion in Hy(Z,), which requires digression on
4-manifolds.

N* = closed 4-manifold that is orientable (i.e., wi(N*) = 0).

Cup product pairing H*(N*) x H*(N*) — H*(N*) = Z is symmetric form
that is nondegenerate mod torsion.

Descends to V = H?(N*)/torsion & Z", gives intersection form
Qv:VxV 7

Definition
N* is spin if wa(N*) = 0.

Lemma
If N* is spin, then Qy is even, i.e., Qu(x,x) even for all x € V.

Remark
If 71(N*) = 1, then N* is spin iff Qp is even.
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2-torsion preregs: Rochlin's theorem

Let N* be closed oriented spin 4-manifold, so Qu is even.

The signature of N* is o(N*) = o(Qn) (= number of positive
eigenvalues - number of negative eigenvalues)

Qp is unimodular (hence nondegenerate) even form, so number theory

(van der Blij's Lemma) says 8|c(Qn).

Theorem (Rochlin)
If N* is smooth closed oriented spin 4-manifold, then 16|c(Qn).

Remark
Key to original proof is fact that the image of the stable
J-homomorphism on 73 is Z/24.
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2-torsion preregs: Rochlin invariant

Let M3 be a homology 3-sphere. The Rochlin invariant of M3 is an
invariant t(M3) € Z/2.

Construction

>
>
>

Exists smooth oriented spin 4-manifold N* with ON* = M3,
Van der Blij implies that o(N*) divisible by 8.

Want to define t(M3) = o(N*)/8 (mod 2). Must check
independent of N*.

If (N')* another smooth oriented spin 4-manifold bounding M3, then
gluing (N')* to N* gives smooth closed oriented spin 4-manifold X*.

Rochlin's theorem: o(X*) = o(N*) — o((N')*) divisible by 16.
Conclude: o(N*)/8 = o((N')*)/8 (mod 2).
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Back to Torelli: the Birman—Craggs homomorphism

Fix embedding ¢: ¥, < S® with image a Heegaard surface, so S* \ (%)
is two handlebodies.

23
For f € Modg, let M¢ be 3-manifold obtained by cutting S3 open along
t(Xg) and regluing after twisting by .
If f € I, then My is homology 3-sphere.
= can take Rochlin invariant (M) € Z/2.

Theorem (Birman—Craggs)
The map I, — 7Z./2 taking f € Zg to v(M¢) € Z/2 is a homomorphism.
These homomorphisms are called the Birman—Craggs homomorphisms.
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» The Birman—Craggs homomorphisms Z, — Z /2 depend on choice of
Heegaard surface embedding ¢: >, — S3.

> 11 ¥, — S® endows Hy, = Hi(Xz;F2) with a self-linking form.

» Johnson proved that the Birman—Craggs homomorphism only
depends on self-linking form.

» Then he collected all the Birman—Craggs homomorphisms into the
Birman—Craggs—Johnson (BCJ) homomorphism o: I, — BY.

3
> BY = ]Fglg ~8)/3 is explicit representation of Spyg(IF2) built from Hg,

with interesting composition series (cf. work of Tudor Lewis).

Johnson proved o: 7, — BY detects all 2-torsion in (Zz)":

Theorem (Johnson)

For g > 3, the BCJ homomorphism induces an isomorphism
Hl(Ig; Fz) = Bg
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Generating kernel of BCJ homomorphism
Analogue for BCJ of Johnson's theorem saying kernel of Johnson
homomorphism generated by separating twists:
Theorem (Brendle-Margalit—Putman)

For g > 3, the kernel of the BCJ homomorphism o: I, — Bg is
generated by squares of bounding pair maps, squares of separating twists,
basic commutators, and tri-separating pants maps.

Basic commutator: [T,, T, T, ] w/ T, separating twist, T, T, !
bounding pair map, and y and z each intersect x two times:

(E=- -

Y
Tri-separating pants maps: products T, T, T, of three disjoint
separating twists that cobound a 3-holed sphere (“pair of pants”):
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For g > 3, the kernel of the BCJ homomorphism o: I, — Bg is
generated by squares of bounding pair maps, squares of separating twists,
basic commutators, and tri-separating pants maps.
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For g > 3, the kernel of the BCJ homomorphism o: I, — Bg is
generated by squares of bounding pair maps, squares of separating twists,
basic commutators, and tri-separating pants maps.
Let G be a group.
» Mod-2 commutator subgroup: kernel [G, G]r, of G — Hi(G; F>).
» [G, G]r, generated by commutators [x, y] and squares z°.
Determine [Zg, Zg|r,:
» Since target of BCJ homom is [Fx-vector space, its kernel contains
[Ig7zg]]F2'
» [Z,,Z]r, contains squares of bounding pair maps, squares of
separating twists, and basic commutators.

» Lemma: [Z,,Z,]r, contains tri-separating pants maps.

Corollary (Johnson)

For g > 3, the kernel of the BCJ homomorphism is [Lg, Lg]r,, so it
induces isomorphism H1(Zg;F) = BY.
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